Introduction {#Sec1}
============

In the past decade, there has been a proliferation of machine learning techniques applied in various fields, from spam filtering \[[@CR7]\] to self-driving cars \[[@CR3]\], including the more recent physical applications in fluid dynamics \[[@CR4], [@CR6]\]. However, a major hurdle in applying machine learning to complex physical systems, such as those in fluid dynamics, is the high cost of generating data for training \[[@CR6]\]. Nevertheless, this can be mitigated by leveraging prior knowledge (e.g. physical laws). Physical knowledge can compensate for the small amount of training data. These approaches, called physics-informed machine learning, have been applied to various problems in fluid dynamics \[[@CR4], [@CR6]\]. For example, \[[@CR5], [@CR14]\] improve the predictability horizon of echo state networks by leveraging physical knowledge, which is enforced as a *hard* constraint in \[[@CR5]\], without needing more data or neurons. In this study, we use a hybrid echo state network (hESN) \[[@CR14]\], originally proposed to time-accurately forecast the evolution of chaotic dynamical systems, to predict the long-term time averaged quantities, i.e., the ergodic averages. This is motivated by recent research in optimization of chaotic multi-physics fluid dynamics problems with applications to thermoacoustic instabilities \[[@CR8]\]. The hESN is based on reservoir computing \[[@CR10]\], in particular, conventional Echo State Networks (ESNs). ESNs have shown to predict nonlinear and chaotic dynamics more accurately and for a longer time horizon than other deep learning algorithms \[[@CR10]\]. However, we stress that the present study is not focused on the accurate prediction of the time evolution of the system, but rather of its ergodic averages, which are obtained by the time averaging of a long time series (we implicitly assume that the system is ergodic, thus, the infinite time average is equal to the ergodic average \[[@CR2]\].). Here, the physical system under study is a prototypical time-delayed thermoacoustic system, whose chaotic dynamics have been analyzed and optimized in \[[@CR8]\].

Echo State Networks {#Sec2}
===================

The ESN approach presented in \[[@CR11]\] is used here. The ESN is given an input signal $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{u}(n) \in \mathbb {R}^{N_u}$$\end{document}$, from which it produces a prediction signal $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\varvec{y}}(n) \in \mathbb {R}^{N_y}$$\end{document}$ that should match the target signal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{y}(n) \in \mathbb {R}^{N_y}$$\end{document}$, where *n* is the discrete time index. The ESN is composed of a reservoir, which can be represented as a directed weighted graph with $\documentclass[12pt]{minimal}
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                \begin{document}$$N_x$$\end{document}$ nodes, called neurons, whose state at time *n* is given by the vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{x}(n) \in \mathbb {R}^{N_x}$$\end{document}$. The reservoir is coupled to the input via an input-to-reservoir matrix, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}_\mathrm {in}$$\end{document}$, such that its state evolves according to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varvec{x}(n) = \tanh (\varvec{W}_\mathrm {in}\varvec{u}(n) + \varvec{W}\varvec{x}(n-1)), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}\in \mathbb {R}^{N_x} \times \mathbb {R}^{N_x}$$\end{document}$ is the weighted adjacency matrix of the reservoir, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$W_{ij}$$\end{document}$ is the weight of the edge from node *j* to node *i*, and the hyperbolic tangent is the activation function. Finally, the prediction is produced by a linear combination of the states of the neurons$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \hat{\varvec{y}}(n) = \varvec{W}_\mathrm {out}\varvec{x}(n), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}_\mathrm {out}\in \mathbb {R}^{N_y} \times \mathbb {R}^{N_x}$$\end{document}$. In this work, we are interested in dynamical system prediction. Thus, the target at time step *n* is the input at time step $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{y}(n) = \varvec{u}(n+1)$$\end{document}$ \[[@CR14]\]. We wish to learn ergodic averages, given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle \mathcal {J} \rangle = \lim _{T \rightarrow \infty } \frac{1}{T} \int _0^T \mathcal {J}(\varvec{u}(t)) \, dt, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {J}$$\end{document}$ is a cost functional, of a dynamical system governed by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dot{\varvec{u}} = \varvec{F}(\varvec{u}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{u} \in \mathbb {R}^{N_u}$$\end{document}$ is the state vector and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{F}$$\end{document}$ is a nonlinear operator. The training data is obtained via numerical integration of Eq. ([4](#Equ4){ref-type=""}), resulting in the time series $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\varvec{u}(1), \dots , \varvec{u}(N_t)\}$$\end{document}$, where the different samples are taken at equally spaced time intervals $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta t$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$$N_t$$\end{document}$ is the length of the training data set. In the conventional ESN approach, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}_\mathrm {in}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}$$\end{document}$ are generated once and fixed. Then, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}$$\end{document}$ is re-scaled to have the desired spectral radius, $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$, to ensure that the network satisfies the Echo State Property \[[@CR9]\]. Only $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{W}_\mathrm {out}$$\end{document}$ is trained to minimize the mean-squared-error$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_d = \frac{1}{N_y} \sum _{i=1}^{N_y} \frac{1}{N_t} \sum _{n=1}^{N_t} (\hat{y}_i(n) - y_i(n))^2. \end{aligned}$$\end{document}$$To avoid overfitting, we use ridge regularization, so the optimization problem is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \underset{\varvec{W}_\mathrm {out}}{\text {min}} \; E_d + \gamma \vert \vert \varvec{W}_\mathrm {out}\vert \vert ^2, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is the regularization factor. Because the prediction $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\varvec{y}}(n)$$\end{document}$ is a linear combination of the reservoir state $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{x}(n)$$\end{document}$, the optimal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{W}_\mathrm {out}$$\end{document}$ can be explicitly obtained with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varvec{W}_\mathrm {out}= \varvec{Y} \varvec{X}^T (\varvec{X} \varvec{X}^T + \gamma \varvec{I})^{-1}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{I}$$\end{document}$ is the identity matrix and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{X}$$\end{document}$ are the column-concatenation of the various time instants of the output data, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{y}$$\end{document}$, and corresponding reservoir states, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{x}$$\end{document}$, respectively. After the optimal $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}_\mathrm {out}$$\end{document}$ is found, the ESN can be used to predict the time evolution of the system. This is done by looping back its output to its input, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{u}(n) = \hat{\varvec{y}}(n-1) = \varvec{W}_\mathrm {out}\varvec{x}(n-1)$$\end{document}$, which, on substitution into Eq. ([1](#Equ1){ref-type=""}), results in$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varvec{x}(n) = \tanh ( \widetilde{\varvec{W}} \varvec{x}(n-1) ), \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{\varvec{W}}=\varvec{W} + \varvec{W}_\mathrm {in}\varvec{W}_\mathrm {out}$$\end{document}$. Interestingly, Eq. ([8](#Equ8){ref-type=""}) shows that if the reservoir follows an evolution of states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{x}(1), \dots , \varvec{x}(N_p)$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$N_p$$\end{document}$ is the number of prediction steps, then $\documentclass[12pt]{minimal}
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                \begin{document}$$-\varvec{x}(1), \dots , -\varvec{x}(N_p)$$\end{document}$ is also possible, because flipping the sign of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{x}$$\end{document}$ in Eq. ([8](#Equ8){ref-type=""}) results in the same equation. This implies that either the attractor of the ESN (if any) is symmetric, i.e. if some $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{x}$$\end{document}$ is in the ESN's attractor, then so is $\documentclass[12pt]{minimal}
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                \begin{document}$$-\varvec{x}$$\end{document}$; or the ESN has a co-existing symmetric attractor. While this seemed not to have been an issue in short-term prediction, such as in \[[@CR5]\], it does pose a problem in the long-term prediction of statistical quantities. This is because the ESN, in its present form, *can not* generate non-symmetric attractors. This symmetry needs to be broken to work with a general non-symmetric dynamical system. This can be done by including biases \[[@CR10]\]. However, the addition of a bias can make the reservoir prone to saturation (results not shown), i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i \rightarrow \pm 1$$\end{document}$, and thus care needs to be taken in the choice of hyperparameters. In this paper, we break the symmetry by exploiting prior knowledge on the physics of the problem under investigation with a hybrid ESN.

Physics-Informed and Hybrid Echo State Network {#Sec3}
==============================================

The ESN's performance can be increased by incorporating physical knowledge during training \[[@CR5]\] or during training and prediction \[[@CR14]\]. This physical knowledge is usually present in the form of a reduced-order model (ROM) that can generate (imperfect) predictions. The authors of \[[@CR5]\] introduced a physics-informed ESN (PI-ESN), which constrains the physics as a *hard* constraint with a physics loss term. The prediction is consistent with the physics, but the training requires nonlinear optimization. The authors of \[[@CR14]\] introduced a hybrid echo state network (hESN), which incorporates incomplete physical knowledge by feeding the prediction of the physical model into the reservoir and into the output. This requires ridge regression. Here, we use an hESN (Fig. [1](#Fig1){ref-type="fig"}) because we are not interested in constraining the physics as a hard constraint for an accurate short-term prediction \[[@CR5]\]. In the hESN, similarly to the conventional ESN, the input is fed to the reservoir via the input layer $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{W}_\mathrm {in}$$\end{document}$, but also to a physical model, which is usually a set of ordinary differential equations that approximately describe the system that is to be predicted. In this work, that model is a reduced-order model (ROM) of the full system. The output of the ROM is then fed to the reservoir via the input layer and into the output of the network via the output layer.Fig. 1.Schematic of the hybrid echo state network. In training mode, the input of the network is the training data (switch is horizontal). In prediction mode, the input of the network is its output from the previous time step (switch is vertical).

Learning the Ergodic Average of an Energy {#Sec4}
=========================================

We use a prototypical time-delayed thermoacoustic system composed of a longitudinal acoustic cavity and a heat source modelled with a nonlinear time-delayed model \[[@CR8], [@CR12], [@CR16]\], which has been used to optimize ergodic averages in \[[@CR8]\] with a dynamical systems approach. The non-dimensional governing equations are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t u + \partial _x p = 0, \quad \partial _t p + \partial _x u + \zeta p - \dot{q}\delta (x - x_f)= 0, \end{aligned}$$\end{document}$$where *u*, *p*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{q}$$\end{document}$ are the non-dimensionalized acoustic velocity, pressure, damping and heat-release rate, respectively. $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$ is the Dirac delta. These equations are discretized by using $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} u(x,t) = \sum \nolimits _{j=1}^{N_g} \eta _j(t)\cos (j \pi x), \quad p(x,t) = -\sum \nolimits _{j=1}^{N_g} \mu _j(t) \sin (j \pi x), \end{aligned}$$\end{document}$$which results in a system of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2N_g$$\end{document}$ oscillators, which are nonlinearly coupled through the heat released by the heat source$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dot{\eta }_j - j \pi \mu _j = 0, \quad \dot{\mu }_j + j \pi \eta _j + \zeta _j \mu _j + 2 \dot{q} \sin (j \pi x_f) = 0 , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta _j = 0.1 j + 0.06 j^{1/2}$$\end{document}$ is the modal damping \[[@CR8]\]. The heat release rate, $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{q}$$\end{document}$, is given by the modified King's law \[[@CR8]\], $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{q}(t) = \beta [ \left( 1+u(x_f, t-\tau )\right) ^{1/2} - 1 ]$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ are the heat release intensity parameter and the time delay, respectively. With the nomenclature of Sect. [2](#Sec2){ref-type="sec"}, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{y}(n) = (\eta _1; \dots ; \eta _{N_g}; \mu _1 ; \dots ; \mu _{N_g})$$\end{document}$. Using 10 Galerkin modes ($\documentclass[12pt]{minimal}
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We stress that the optimal values of hyperparameters for a certain set of physical parameters, e.g. $\documentclass[12pt]{minimal}
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Conclusion and Future Directions {#Sec5}
================================

We propose the use of echo state networks informed with incomplete prior physical knowledge for the prediction of time averaged cost functionals in chaotic dynamical systems. We apply this to chaotic acoustic oscillations, which is relevant to aeronautical propulsion. The inclusion of physical knowledge comes at a low cost and significantly improves the performance of conventional echo state networks from a 48% error to 1%, without requiring additional data or neurons. This improvement is obtained at the low extra cost of solving a small number of ordinary differential equations that contain physical information. The ability of the proposed ESN can be exploited in the optimization of chaotic systems by accelerating computationally expensive shadowing methods \[[@CR13]\]. For future work, (i) the performance of the hybrid echo state network should be compared against those of other physics-informed machine learning techniques; (ii) robust methods for hyperparameters' search should be coupled for a "hands-off" autonomous tool; and (iii) this technique is currently being applied to larger scale problems. In summary, the proposed framework is able to learn the ergodic average of a fluid dynamics system, which opens up new possibilities for the optimization of highly unsteady problems.
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